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EQUATIONS  OF  A SIMPLE  FLAME  SOLVED  BY 
SUCCESSIVE  APPROXIMATIONS  TO  THE  SOLUTION 
OF  AN  INTEGRAL  EQUATION  * 

(PART  II:  SECOND  ORDER  REACTION) 

G.  Klein 


ABSTRACT 


The  problem  of  an  idealized  flame  whose  underlying  chemical 
reaction  is  unimolecular  and  reversible  (where  the  kinetic  energy 
of  the  gas  stream  is  neglected),  which  has  been  solved  by  an  inte- 
gral eqviation  method  of  successive  approximations  for  a first  re- 
action in  PART  I,  is  now  extended  to  a second  order  reaction. 

This  problem  is  very  nearly  equivalent  to  that  of  a simple  chain 
reaction  flame  in  which  the  catalyst  reaciion(s)  are  assumed  to  be 
in  equilibrium.  In  this  case  the  behavior  near  the  hot  boundary  of 
the  functions  involved  is  very  different  from  that  of  the  case  of  a 
first  order  reaction,  and  a careful  choice  of  the  integral  equation 
and  of  the  lowest  approximation  to  be  adopted  has  to  be  made. 

The  diffusion  coefficient  is  assumed  constant:  for  a certain  v-liie 
of  this  constant  the  problem  simplifies  considerably  and  for  other 
values  of  an  alternative  perturbation  and  expansion  method  is  pro- 
posed which  involves  only  linear 'differential  equations.  - It  is 
verified  that  neglect  of  the  back  reaction  affects  the  method  and  re- 
sults immaterially,  and  the  effect  of  varying  hot  boundary  temper- 
ature is  briefly  considered.  **** 


* This  work  was  carried  out  at  the  University  of  Wisconsin  Naval 
Research  Laboratory  under  Contract  N7  onr- 28511  with  the  office  of 
Naval  Research. 
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In  order  to  make  this  report  seif  contained, 
we  reprodnis  here  pp.  1-3  of 

EQUATIONS  A SDdPLE  FLAME  SOLVED  BY 
SUCCESSIVE  APPROXIMATIONS  TO  THE  SOLUTION 
OF  AN  integral  EQUATION 

by  G.  Klein 

which  will  be  referred  to  as 

(FART  I;  FIRST  ORDER  REACTION) 
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1.  INTRODUCTION 

The  problem  of  an  idealized  flame  whose  underlying  chemical 
reaction  is  unimolecular,  reversible,  and  of  the  first  order,  which 
has  aJreauiy  been  treated  and  solved  in  the  refere  uC&o  wdOWf 

is  reconsidered  here  (kinetic  energy  of  the  gas  stream  being  neg.- 
lected).  Its  solution  is  made  to  depend  on  the  Svclution  of  an  inte- 
gral equation  which  contains  an  unknown  parameter  whose  eigen- 
value has  to  be  determined.  This  equation  is  solve  by  a meihod 
of  successive  approximations. 

Except  for  minor  and  obvious  deviations,  the  notation  is  the 
same  as  that  used  in  the  first  reference  quoted;  equations  there 
a.T9  referred  to  on  the  left  margin. 
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=>  The  only  ones  being  (cf.  equations  1.  1-1.  3) 

(11  = 7-271  tt  ii-  s (-eliminating  the  distance  variable) 

(li.7-25)  1%  « ■"  (-an  essentially  positive  quantity) 


(11.  ?-3i) 


A 

Xr 


T 


(-for  conciseness) 


8 

wjs-cum-s 

1954 


2 


Flag\g  equations.  These  terms  of  d ‘mensiooless  variables  and 

parameters,  the  equationa  of  continuity  (:or  chemical  reaction),  diffuaiv'sn, 
and  energy  (or  therccel  condoctionjt./ 


(11. 7-ZS) 

/ ~ i ^ 

J 

1. 1 

(11.  7-2S) 

fif' 

/ 

1.  ^ 

(11.  7-31 

A r=  -L  S /r  -■  r-\ 

1.  3 

f 

/ 

/ 

Hot  Boundary  conditio /s.  At  the  hot  boundary  chexiiical  reaction, 
diffusion  and  thervnai  cor- /action  cease.  Thus 

{11,7.-32)  R ( ^ . 


1.4 


{11.  ? .34i 


X. 


Equation  the  integi  ated  energy  balance  equation,  and  by  suitable 

choice  Ox  thc/ci 

the  temptf-r^ture  gradient  must  vanish, 


onatant  af  iixt<»tf  in*  thi- boiiJidzry  ccnditic^t  th^t 


has  already  been  t^lcen  care  of. 


Cold  boyrndary  conditions,  , If  one  sssumea  a conventional  functional 
xx^x  kt!.-.  x.vfxy^xxvxi  x-Ai7s,  kuc  uues  noK  aciuaiiv  vanian 

the  cold  boundary  temperature,  aome  care  is  needed  in  the  stipulation  uf 
th?  cold  boundary  conditions.  E^erimentaUy,  however,  and  in  coirputa- 
(xor.  vrnsre  xn  any  cass  one  confines  oneself  to  a limited  number  of  decimal 
places,  the  reaction  rate  can  be  taken  as  zero  at  and  near  the  cold  boundary 
temper-itiirs.  Thus  in  practice  ihere  in  no  doubt  what  the  conditions  shouiu 
be,  they  axe  analogovis  to  those  ai  tlie  hot  bovmdary,  vii. 


ill.  7 35) 


j(  -O 


1.  7 
1.8 
l.Q 


function  ‘ 


Auxiliary  quantities . It  is  convenient  to  define  the  known  linear 


1.  10 

I . I i 
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Elimiaatica  of  the  mass  rate  of  flow.  We  consider  the  teiikperature 
gradient  and  the  concentration  aa  the  prinvary  dependent  variables. 

From  1.3,  1.8,  and  1.10, 

^ .1,12 

ao'iaat  i4  the  teanpexatare  jpradient  i»  kno^pra,  ihe  fractional  mass  rate  of 
llarr,  G,  can  be  readily  found. 


Ffafcdamentai  simultanecae  equatk'as.  W.ith  1.12,  1.10  equations 

1.1,  1.2  may  be  •writian  in  the  form 


Thosis  eqtustions  haya  to  be  iiatisfied  simaltnnccusly,  the  aolu'  .ons  being 
ta  the-  boundary  cvudiUous.  It  should  be  lOOted  that  tkls  is  an 
elfijenvaltie  problem;  the  psvRrneter  q in  1.13  ia  not  known  and  depends  on 
ths  benndsty  conditions.  ** 
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SUCCESSrVE  APPROXnVtATlONS  TO  THE  SOLUTION 
OF  AN  INTEGRA E EQUATION 

(PART  I;  FIRST  ORDER  REACTION) 


S*-i^  8 

5 JviAve  OTv 


Liet  of  Errata^ 


un  cover  ana  title  page  addj  (FART  I:  FIRST  OR1>Ek  REACTION) 


P.  1,  first  o^juatlon  in  tiie  foctnotc  shpuid  rs&di 


P.  7.  last  evznn.ol  in  eqaatiou  2.4  should  be 


jr.  7, 

P.  7, 

P.  9* 


first  factor  on  the  right  of  equation  2.5  should  bo 

in  the  line  before  sqs.  2. 8 the  reference  ehould  be 
♦n  equ.  1.  21 

fvsO 

grSph  4:  the  point  r .5  should  have  been  marked 
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LIST  OF  SYMBOLS 
(la  the  order  in  which  they  occur) 
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7.  REVISION:  Fundamental  8im\iltaneous  dilferential  equations; 

Boundary  conditions;  Aiudliary  functions; 

Summary 

■■■jr  ■'Ji-  ; 

In  the  simple  flame  problem  considered  in  PART  I ^e  have  adopted 
the  reduced  temperature  r as  independent  variable  and  the  temper- 
ature gradient  ^ as  tlie  main  dependent  variable:  these  two  are 
related  to  the  reduced  distance  ^ by 


oLt 

7.  1 

It  has  been  shown  (cf. 

1.13,  1.14,  l.IO)  that  the  problem  of 

a simple  unimolecular  flame 

is  contained  in  the  equations 

(1.13)  f v'  ob-r  ; 

= <1  R(x,r)  ^ 

7.2 

(1.14)  X ~ -X*' 

7.3 

together 

with  the  botmdary  conditions 

(1.6) 

X CTaa)  = Xaa  ;► 

^ (T^)  = 0 

/ 

7.4 

(1.4) 

RU.^;T,o)=  0 

? 

7.5 

(1.9) 

a C-Cg)  = 0 

l,ii 

where  it  is  assumed  that  the  total  reaction  rate  R F)  for  practical 
purooses  vanishes  at  and  near  the  cold  boundary  Tg  , 


The  function  X in  7. 3 is  linear  in  t and  coincides  with 
the  fuel  component  X at  the  boundaries,  thus 

- TT 


*• 


- X. 


Also 


= 


H - X. 


7.7 


7.8 


and  previously  we  had  written  (cf.  1.  10) 


= JC 


oO 


(1.10) 


7.9 


H 


!i  ! 


I 
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It  will  be  ueefttl  to  define  a fictitious  beyond-tbe -hot-boundary 

'<s'here 


temper  uiuxc 


7-*  S J- 


7. 10 


BO  that  7.  7 may  be  written  more  concisely  as 

X* 


* - r) 


7.  11 


and  we  note 


(T  \ Si  X, 


• X, 


x*Cr^)  = 0 . 


7.  12 
7.  1? 


It  has  already  been  remarked  (cf.  1.15)  , and  it  is  easily 
verified  by  inspection  of  the  equation,  that  in  the  case  ^ ! a solution 


of  7.  3 is  X = X*  ; in  this  case  the  right  hand  member  of  7.  2 does 
not  contain  ^ ; the  function  R C.X*  is  wholly  known.  This,  and 

the  form  of  eqtiation  7.  3 suggest  adopting  the  new  variable 


X ^ ^ } 7.  i* 

replacing  X , and  expanding 

|^(X,  0^=  Cr)  tR,(r>CX -X’^)  + (x i- 


Here 


.-TO 

<7\-, 


Cr)  =-.  R CX^  t) 


7.  16 


and  the  other  functions  . . . . , are  similarly  known 

if  the  form  of  the  reaction  rate  is  given.  We  write 

R c:«,0.=  -5?  O- 

<7-  » 


u 


} . 


3 I 

I I 


% 


I 


1 ! 
t 

i 


1 


n 

J. 


i. 

j 

— 


f 


' A 


r ^4 


fiJk 
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SximBaary.  In  ternu  of  the  fuactions  jnst  defined  -we  keve 


and  it  i*  understood  that  for  practical  purposes  tbe.  fiinctiona 

7 • • • * ^ vanish  at  and  near  the  cold 

boundary  . 

,K'  , r > ■■■'. 

Alternative  summary  in  which  7.  20,  7.  21  are  written  in 

intenrated  form: 


B'- 

dbz  > 

1 = a C 

= /F^^  , 

1 - eT  -a  ^ 

= "7“ 

•'r 

7.25 

7.26 

7.27 


where 


^ 3?, 7. 

and  it  is  understood  that  the  ( r which  are  known  functions,  for 
practical  purposes  vanish  at  and  near  the  cold  boundary 


28 


tl 


1!^  C r)  =r  Cr)  -r 

ZR/O  5 ^ IR,  CO  

7.  18 

) 

1 ! 

■ 

and  the  fundamental  eq.u3tions  7 

, 1-7.  3 may  be  written 

i 1 

fQ-  -B-)  = 

^ ^ a,  r) 

? IQ 

f 

< 

b 

1. 

oL  C _ 

'■! 

! ■ 

^ r 

^ • 
V 

7.20 

1 

^ - 
T 

- ( 1 - <r)i^ 

7.21 

1 

The  boundary  conditions  7.  4-7. 

6 have  now.  in  view  of  7.  14. 

7.  12, 

the  simple  form 

i 

1 

O 

II 

^ Croo) 

= 0 ^ 

7.  22 

1 

i 

1 

% 

» 

II 

0 . 

7.23 

5 ( -o)  - 0 , 

a-  ( ^) 

0 

= 0 ; 

7.24 

1 

1 

1 

I 
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8.  RiL/iCTION  RATE  AND  NATURE  OF  THE  SOLUTION 

Firet  order  reectlon.  When  the  reaction  is  of  the  first  order, 

5?  Hi  0 = ^ • 

This  ease  has  been  dealt  with  in  Part  I where 

2P,(c)  = ycr) 

'a?,  Cr)  = R Cx’^  r)  . 

The  total  reaction  rate  has  the  siagle  aero  at  TT^  where 

- O . 


(1.21) 


If 


Second  order  reaction.  Here 

iRCKj^)  -■'  ^ ^ . 8.1 

Vr«  shall  consider  the  special  ease  where  the  presence  of  th>»  fuel  is 

essential  for  both  the  forward  und  the  back  reaction:  the  fuel  acts  at 

•if' 

the  same  time  as  a catalyst.  Thus  (cf.  7, 14-7. 17) 

R(o,  r)  = 0 , i.«.  -sex’;  x)  = 0 . 

«i  %m  «»«.  a 1 

nmui%mm$  wj  i«  Ai^i  «•  A| 

K?,  <c)  > 8.3 

This  impliea  that  ^tCv)  has  tr.»o  seros,  one  at  ,by  7. 2^3, 

0 , 8.4 

and  the  othsri  due  to  the  first  factor  on  the  right  of  8. 3 (cf.  7. 11) 

•*  * 

IS?.  < ’t:)  - 0 

By  7.12  and  8.4, 

■ 


The  reaction  rate  r } Srill  also,  in  general,  hays  two 

seros,  ens  at  , and  another  beyond  but  near  to  r,,  j 

it  will  be  at  in  the  case  /. 


8.5 


8.6 


cf.  APPENDIX,  p-^0 


i , 


wasrcf 
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Nature  of  the  eolution.  The  nature  of  the  required  solution 
for  any  given  (where  ^ is  of  order  unity)  does  not  differ 

drastically  from  that  of  the  case  =■  / , so  that  we  confine  our- 

selves to  a short  discussion  of  the  latter.  We  have 


and  the  required  solution  must  satisfy 


C 


The  tangent  elements  of  the  family  of  integral  curves  of  8.  7 are 
easily  plotted  from  the  relation 


~ ' T 


The  locus  of  stationary  points  of  the  integral  curves  is  evidently  the 

V5  / s ^ 

curve  <jf  V / ; tne  -aada  iS  the  locus  of  points  at  which 


-sjda  is  the  locus  of  points  at  which 


there  is  infinite  slope;  and  the  lines  r"  * 


are  loci 


of  points  at  which  there  is  gradient  unity.  There  are  two  singular 
points,  viz.  on  the  Z -axis  at  Z -a  and  at  c - . The 

former  is  a saddle  point  and  the  required  solution  is  the  singular 
integral  which  passes  through  it  with  negati\’e  slope. 


The  parameter 


in  8.  7 is  not  known;  instead  there  are 


two  boundary  conditions  8.10,  i. e.. 


meter.  The  nature  of  the  second  singular  point  at  7"^ 


is  an  eigenvalue  para- 

...  j .j. 


depends  on 


the  magnitude  of  (j  - in  the  numerical  application  considered  it  is 
a spiral  point  (See  graph  IZ.  ) 


/ 


^ 1 T" 
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Serle«  e3q)ansion  neztr  V Since  ‘^CZlo)  = D^ 


findM  easily  from  8.7 

I ! 


[■  H. 

t 


=.  < V''  1 ^ ' 


± 


J ^ 


1 


dL^  IR. 

eL>'C  . 


I ^ 3 


“ / 


■_ 

cU  r . 


8.  12 


8.  13 


etc.  from  which  a series  expansion  near  may  be  obtained. 


Solution  near  ^»o  in  polar  coordinatea . Near  z: ^ we  put 


? 8.  14 


so  that  equation  8.  7 becomes 

• <Lc^  ^ f - m ( z-  - r*) 


ot.’tr 


On  changing  to  polar  coordinates 

1 


r>r"  = r 


© 


and  writing 


t - 0 


S.  15 

8.  16 
8.  17 

8.  18 


if 

one  obtains  the  solution  near  2r  ^ in  the  form 

r = r 


M i.L'rn- ■h)'^ 

..  I 40  > 

/ 


Vi.  c -t-r  . ^ 

That  is,  it  is  a spiral  provided 

[#■!.>  0 

' ^ c3 

.•fJj  ^ . 

The  rxature  of  9-  ^ ^ ) beyond  is  of  course  of  no  physical 


■>..  t-i  \ 

sjy-r,  - 1/^  ■ ) 

8.  19 


8.20 


U 


interest. 
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9.  E^TTEGRAL  EQUATIONS  AND  METHOD  OF  SUCCF^IVE 
APPROXIMATIONS 


In  order  to  solve  equations  7.Z5-7.  27  we  employ  a method  of 
successive  approximations  as  follows.  Suppose  a V -th  approximation, 
to  ^ is  known:  then  by  7.26  and  7.27  we  find  the  corres- 
ponding approximations  to  ^ and  ^ thus: 


7TC 


'C 

S 


(V) 


- J' 


P e 


(v>; 


o6r  . 


9. 1 


, 9.2 


Equation  7.  25  is  the  hard  core  of  the  problem.  It  is  turned  into 
an  integral  equation  ~ but  this  can  be  done  in  an  infinite  number  of 
ways:  for  instance,  multiplication  of  7.25  by  ^ , where  Av  is 
not  necessarily  an  integer,  and  integration^  re  suit  in 


N 


One  could  now  multiply  9.3  by  some  suitable  function  of  hi  and 
add  similar  equations  for  all  integers  N starting  from  N - O p 
and  would  thus  obtain  an  integral  equation  in  well-known  analytic 
functions  of  ^ . However,  we  have  not  succeeded  in  determining 

which  functions  would  be  the  most  'natural'  ones  to  take,  and  there- 
fore confine  ourselves  to  an  integral  equation  of  the  form  9.  3 for 
a suitable  N . 

In  9>  3 the  uppor  boundary  condition  has  been  taken  care  of;  the 
lower  boundary  condition  fixes  the  value  of  the  eigenvalue  parameter^ 
vis. , , 


9 

/ 


r 

f 


-w3 

N-i-l 

dbX- 


N 


9.4 


/ 


I 
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Hence  the  integral  equation  9.  3 may  be  written  in  the  form  ( 


Ir 


9.5 


which  -loes  not  contain  the  eigenvalue  parameter  and  includes  both 
bovuidary  conditions. 


Let  us  write  9.  5 more  concisely  as 


f 


= I f ^ ? 


_ Kl) 

5 T-; 


9.6 


In  fact,  of  course,  the  right  hand  side  of  9.5  or  9.6  is  not  a 
function  of ' N at  all.  Again,  on  the  right  of  9.5  or  9.6 
the  qviantities  ^ and  occul*  only  inside  integrals  which  one 
may  assume  not  to  be  too  sensitive  if  instead  of  ^ and  ^ approxi- 
mate values  of  these  are  substituted.*  Thus  the  method  of  successive 
approximations  is  contained  in  the  equations  9.1,  9.  2,  and 


C'J*  i) 


fv;  r^'’) 


- ' 

The  method  is  clearly  jxistified  if  the 
convergent  sequences. 


r ; /v') 
CV) 


y.  t 


and 


form 


The  most  'natural’  values  for 


N 


which  suggest  themselves 


are 


and  N ~ 0 which  amount  to  integration  of  7.25  at 


sight.  The  choice  of  the  lowest  approximation  ^ 
in  the  following  section. 


(0) 


will  be  discussed 


/ 
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1C.  DISCUSSION}  CHOICE  OF  LOWEST  APPROXIMATION 


The  solution  of  the  flame  equations  by  the  method  of  successive 
approximations  depends  on  the  choice  of  a suitable  recurrence  relation 
baaed  on  9.3,  .'Like  9.7,  and  on  the  choice  of  a suitable  lowest  approx- 

Co) 

imation  ^ 

The  exponent  As  to  the  first  problem,  once  relation  9.7 


is  adopted,  the  following  comments  on  the  choice  of  the  exporxent  are 
relevant: 

N = ~/  . This  case  follows  by  dividing  7.25  by  and  inte- 
grating; it  has  been  employed  in  the  first  order  reaction  problem  of 
Part  I.  Advantage;  The  second  ratio  on  the  right  of  9.5  is  the  same 
for  any  particular  T at  any  stage  of  the  operation  9.7.  Disadvan- 
tages; a)  expressions  of  the  form  ^/o  occur  in  the  first  ratio  and 
these  have  to  be  evaluated  separately,  b)  for  an  unsuitable  lowest 
approximation  a supposed  may  become  negative,  which  en- 

trains an  infinite  integrand  in  the  succeeding  stage  - the  method  breaks 
down. 

■=.  0 . This  case  follovxs  by  integrating  7.  25  at  sight. 


no  ratios  of  the  form  O cc< 


b)  for  ^ - / the  first 


(,-)  i- 1) 


may  become  imaginary; - 


ratio  on  the  right  of  9.5  is  the  same  for  any  particular  r at  all 
stages  of  the  operation  9.7.  Disadvantage  ; for  an  unsuitable  first 
approximation  a supposed 
breaks  down. 

hi  = I For  an  unsvutable  first  approxinoation  a supposed  ^ 

may  berom:-  negative,  and  succeeding  at  the  same 

main  negetive  - the  method  breaks  down. 


the  method 


re- 


H 


At  first  sight  none  of  the  more  obvious  possibilities 


of  a direct  break-down  of  the  method,  of  the  kind  just  described,  seem  to 


/ 


ft;'4 
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]jOwe»i  approjcimation. 

( o) 

mation  ^ for  the  operations  9-7. 

eP  s / so  that  ^ is  a solution  of 


It  remains  to  choose  a lowest  «pproxi* 
We  consider  in  detail  the 


case 


r 


(A,  ( . 


10.  1 


It  la  desirable  that  the  lowest  approximation  should  already  possess 
as  many  properties  as  possible  of  the  actual  solution;  the  properties 
of  ^ which  follow  from  10.  1 without  further  quantitative  knowledge 
of  are  (ct.  8.  7-8.11),  with  increasing  Z , 

1)  Zero  at  r-  Tp 
Z)  Gradient  unity  at  T =■  Z', 

3)  Maximum  occurs  on  J ^ 

4)  Zero  at  r - Co. 


5)  Minimum  occurs  on  <j  C O 

6)  Gradient  unity  at  T - 7~* 

7)  Further  2erc  at  (say,  where  tr  i«  small  and  positive) 

8)  Gradient  ihflnite  at  r*  cr  i (c^irve  convex  to  increasing  r) 

9)  Spiral  around  r r * . 


Since  ^ is  not  known,  3)  and  5)  are  unsuitable  for  inclusion  in  any 
tirst  approximation;  similarly,  9)  is  unsuitable.  The  remaining  con - 
uitiwuS  cannot  be  catered  for  by  a polynomial  but  they  are  embodied  in 
the  following  algebraic  curve 


where  o*  is  determined  so  that 


1 = i 


r ‘ 


10.3 


atid  one  finds  that 


must  be  a solution  of 


/ rt“ 


/4 


fe j-  j (^J - (f^) * "j 


/ 
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DiaciMcion  and  results.  1.  For  (i'  =■  / formula  9.7  reduces 


to 


O *■!) 


We  took  10.2  And  N-0  , and  performed  the  operation 

10.5  up  to  "i  ~ /o  . Result:  The  bulk  of  the  converge;  near 

Too  they  diverge,  and  at  the, stage  ■“  the  method  breaks  do’wn>  - 
the  integrations  were  performed  by  the  trapezoidal  rule  and  the  last  inter- 
val  adjoining  was  about  ( ; the  divergence  was  oscilla- 

tory about  fairly  definite  'mean'  values.  When  these  valves  were  substi- 
tuted on  the  right  of  10. 5 they  vary  nearly  reproduced  themselves  on  the 
left.  This  suggested  use  c£  the  formula 

' y ) 

instead  of  10.  5_,  from  which  we  finally  obtained  'output'  ^ 's  agree' 
ing  with  the  'input'  ^'s  to  any  required  number  of  significant  digits. 


10.5 


10.6 


2.  For  <r  s:  we  took  = 

corresponding  procedure. 


’ = / / 


N'  - O , and  used  a 


3.  Similarly,  for  (P  - ‘/a,  , where  we  started  with  ^ * 

4.  The  attempt  of  solving  the  case  S'  = 0 in  a similar  manner 

leads  to  an  Immediate  break-down  of  the  method  when  N ~ O . We 
obtained  a solution  as  follows;  Extrapolation  from  j 9V'= 'A 

gives  an  approximation  to  Cj 
parabolic  approximation  to  ^ 


this  value  is  used  to  calculate  a 
near  ; the  latter  is  combined 


with  an  approximation  to  ^ , extrapolal  ed' from 

for  the  greater  part  of  the  range  ; this  'mixed'  lowest  ap- 
proximation is  now  put  through  9.  1,  9.  2,  9.  7 (modified  as  in  1C.  6). 


IkA 
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We  have  thus  found  solutions  for  the  cases  ^ - 1^  ^/‘t-  ) fly  O 
which  satisfy  th*  flame  eqtiations:  this  is  all  that  is  required 

for  practical  purposes  but  the  procedure  is  mathematically  dis- 
tasteful. c y . 

Supposing  the  arbitrary  choice  oi  N — 0 to  be  at  fault,  we  have 
next  tried  ~ f for  the  case  <!' - / with  10.2  as  lowest  ap- 
proximation and  rigorous  application  of  formula  9.7  or  10.5.  Con- 
vergence resulted  everywhere  and  for  the  particular  example  con- 
sidered the  method  thus  appears  thoroughly  satisfactory  if  one  takes 

V ^ / . 

t e 

(It  may  be  remarked  that  the  vedues  for  ^ z./  _ obtained  by 

the  two  different  nnethods  differ  by  about  one  per  cent  - this  discre- 
panry  la  ascribed  solely  to  the  inaccuracy  of  trapsr.oidal.  integration 
since  the  integrands  involved  differ  considerably. 


/ 
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11.  ALTERNATIVE  METHOD  WHEN  (^'  !■ 

In  this  section  only  we  adopt  the  following  notation: 

t - ! - <S-  , 

In  order  to  solve  equations  7.  19,  7.  21, 

we  assume  the  expansions 


. i4 


/ t-  6 9,  +■ 


^ = 
"3 


i J 11.9 


where  the  suffixed  quantities  are  independent  of  6 (i.  e.  of  i^'  ), 

substitute  them  into  11.5,  11.6,  and  equate  coefficients  of  powers 

of  £ . The  eobition  for  the  case  £ = 0 is  supposed  known;  we 


abbre  vlate 

— ■s'  . • • • ! 

/O 

the  resulting  linear  eqiiations  are  now  easily  integrated  in  the 
fcllov/ing  order: 

I,  = ^ ^ ^ 

where 

^ J e“  ° 3?  ■^* 


11.  10 


11.11 


; 11.  12 


^ «6r  . 11.  13 


i 


where 


where 


etc. 


. s 
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•/ 


h 


db  C 


11.  14 


-L 

?•  J.  ^ 


( 

V 


- /- 
*'c 


3?  cd.r 


11.15 


^ f I - ^ CJ 

y- r- 


Ia, 


J --  f,  - ^''•/e-^-/'"-^^'^ 

'J  - -C  0 Q-  - 


11.  l6 


11. 1? 


a 


^ V 


^Y-  9.  P'’«. 


<£r 


^ X 


. .,\/  .0\^  /.  ..N!"  .tl 


9, 

/ .5 


X' 


"(same  integrand  as  in 
second  integral  of  11.  18) 


11.  18 


11.19 


r:<=- 


e.' 


W Z2  J U ^3  . 


• ^-x 
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12.  NEGLECT  OF  BACK  REACTION  ; 

VARIATION  OF  HOT  BOUNDARY  TEMPERATURE 


is 

In 


Neglect  of  the  back  reaction.  It  was  desirable  to  show  that  the  method 
unaffected,  and  the  results  little  changed^if  the  back-reaction  is  neglected, 
this  case,  if  one  considers  only  0—1  , cf.  A.  4, 


12.  1 

12.  2 


Here  and  coincide,  and  -^oo  ~ ^ -As  lowest  approxima- 

tion one  takes 


(«) 


One  finds  the  expected  results,  but  very  near  , when  10.5  is  used 

there  is  again  no  convergence  and  formula  10.  6 has  to  be  applied;  use 

» k t ^ S 

oi  IV  " 3^  , 47  ? aT  5 concTBtent  results,  Cf.  graph  24 


Variation  of  the  hot  boundary  temperature.  It  is  also  of  interest  to 
investigate  how  the  eigenvalue  parameter  Cj  changes  with  T ^ when 
Tq  is  kept  constant.  The  procedure  outlined  just  above  was  thus  repeated 
for  different  with  formulae  12.2  and  12.3.  The  results  ate 


shown  in  graphs  23  anr  24. 
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APPENDIX 


Simple  chain  reacticn  flame.  LiCt  us  consider  an  idealized  flame 


based  on  the  rerctions 


and  let  ue  suppose  that  to  a first  .approximation  component  B is 
in  equilibrium  with  A , so  that 

Xg  = • A 

The  rate  of  decrease  of  component  A (which  we  have  roughly 
referred,  to  as  the  reaction  rate)  may  be  aseumed  an  proportional  to 

-A  -^6)$  J ^ 


that  is, 


[x*  - f < - Cri]  , ..,.5 

Dropping  the  suffix  A , wc  see  that  the  problem  is  equivalent  to  that 
of  :n  . unimolecular  reaction  of  the  type  already  considered*,  with  the 
total  reaction  rate  of  the  fuel  component  of  the  second  order  and  pro- 
portional to 

CX,  t)  •=■  x(^  r ^ Cv)  ■).[ a.  6 

If  at  the  hot  boundary  temperature  a fra^ction  of  the 

fuel  is  left. 


f ^ t r^)  4-  (-  ■" 

We  note  that  X is  a factor  of  the  total  reaction  rate  R C 

O / /%  — \ 

KC  C;  cy  ^ ^ 

Thus,  in  terms  of  a unimolecular  reaction  one  co\ild  say  that-  the  fuel 
acts  at  the  same  time  as  a catalyst  whose  presence  is  indispensable. 


♦ A V 


0-*-rwv 


I Ky^  ^ ^ A A i J - I i> 

l_jr(  (-t  C-yy^U-^y  w.  fc.  /-rvK  CVW.  ^ 


^.ryy  e-jA.. 


Partlcttlar  example. 


We  take 
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^ (,z)  = <p(  . A. 9 

In  the  original  formulation  of  the  problem  f ( r)  ^as  taken  to  be 
1 ■ 

equal  me  ; in  the  present  treatment  we  have  put 

<P(z)  K 

^ ’ A.K 

.nd  cho..n  the  coMtaht  h .o  a.  to  get  .iihple  eap.ee.ioi.  for 

and  the  linear  fvhction  X*  of  7.  7 (or  7.  iO).  Thus  with 


= -0-?.  y 

A.  11 

A 

.n  • £ £• 

As  13 

so  that*  cf.  7.8, 

^ ^ C g and  by  A.  7, 

, 

ic  e ' 

~ /O  0 , 

e^  IT  ^ V ^ ^ y.,.  “v A s 1 4 

which  gives 

~ .9  9-^  9 


On,  comparison  of  A.  6 and  7.15  one  finds 
. 5?.  ( 0 = ^ -t-  f cp  ^ cp(  C)|^ 

52,  cr)  r .ix*5e^cr;  - [ C^cr)f 


A.  15 


A.  16 
a^a.  17 


and  Cr) 


is  given  by  ft,  3, 
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GRAPH  11 

showing  the  basic  coefficients 
of  the  total  reaction  rate  7.  15 
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GRAPH  14 


[ 


GRAPH  21 


Dependence  of  the  eigenvalue 
parameter  Cj  (inverse  of  the 
flame  velocity)  on  diffusion 


GRAPH  22 
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shvwiiig  the  rapidity  of  convergence 
when  the  cases  T #=  / are  obtained 
from  the  case  S'  = I by  the  expansion 
method  of  si  .tion  11,  p.  37 
(The  horizontal  lines  correspond  to  Jthe 
values  of  cj  obtained  by  the  direct 
method  of  se'^ion  9,  p.  31) 
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I . on  the  hot  boundary  temperature. 
I (The  back  reaction  is  neglected, 

! f , and  the  cold  boundary 


I temperature  i%  kept  conetantj 
I j Cf.  section  12,  p.  39) 


i 
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m 


WIS-ONR-13 
30  September  1954 


O (VJ 

^ irv  ir»  ir»  O w 

LTi  O Ji  ONVi>  CM 

o ONr— 

SS:A 

ir\  CO  50  IT".  ^ a> 

Q mjt  jt  r— 

^ ftj  00  K>  r— 

1 — KMfMO  vD  O ^ 
O O fA  K^ 

OVVO  if\  t~-  »^.-r  rH 

m • 

• 

• •••••• 

U\  CM  f^p  CM  CO  Jt 
r-J  CM^  ^ CO  rH 

• ••••* 

r—vo  CMjt  CMji-  o 
f^jt  ir\  ir\  ir\j;r  k\ 

CM  CO  iTVJt 

o 

ON  r*’> 

1—4^0  CM 

K>  lit  O 

iTNjt  Lr^  CO 

iH 

CO 

ITN 

jt  r<^i — iTv  r- 

o 

rH 

CM 

rH  CO  r<^  r-  'r> 

lr^o 

ITV 

ONh-Vi>  ^ CM 

CM 

CM 

rH 

OJ 

:3-  O -:S- 

L^^ 

Jj- 

VD  Jt  VO 

r-N 

o 

m 

r—CO  rH  O VO  K\CM 

l-^CO 

O^60  J- 

CO  ^ 

CO 

PA  J-  O O . OV 

K\vO 

rH 

o 

w o 

AJ  1 — OM — -H  r—  ir\ 

Jt  CO 

o r-  CO  VO  o 

o 

rH  CM  O r— 

AJ  P—  O 

rH 

o 

o o 

to  rH  rH  jr  o ir\i — 

o o 

o kno^ 

#-4  ON 

rH 

t^O  GNirv  PA 

J’  IfV 

Lr^ 

o 

O rH 

^ OMT',  o cr^  o> 

f**—  rH 

O rH  CM 

r^O 

ifv  O AJ  J-  irv 

irMTMTN 

irN 

o 

O o 

rH  CO  vD  vD  o 

Jt  -H  CO  Jt 

ON 

ir\ 

VO  h—  h—  h- 

fw 

o 

o o 

O O O rH  fj  Jr  ir» 

r— 00 

<y\(r\0 

O rH 

rH 

rH  rH  rH  rH  rH 

rH  rH  rH 

rH 

o 

rH 

rH  rH 

rH 

rH  rH  rH  rH  rH 

rH  rH  rH 

rH 

o f^CM 

VO  P— P— r^  O 

lA  PA  J-  Ai  O to 

KN 

KN 

ovo  Jbt  -:S’  vO 

fH  o CN 

O 

iH  ri  O PA^  rH  rH 

VO  rH  P—  PAirvO 

K\ 

CJN 

VO  OM PA 

IfNCO  CM 

O O CO 

Ai  !j0  VO  VO  fA  PAVO 

^ to  O VO  AJ  .-! 

CO 

rH 

^ p—  rH  to  O 

O O H 

VO  PA  CTV  rH  ir>  rH 

rH  P'»rH  fAAJ  to 

CM 

lA  r—  rH  LA  AJ 

rH  O O 

• • 

• •••••• 

• 

• • * • • 

1 

rH  KM  c>  <T\  CM  IfN  h- 
rH  rH  rH 

h-VO  ITN  K>  rH  CO  VO 
rH  rH  rH  rH  fH 

Jt 

CM  rH  rH 

o 

o 

1 

V,  * 

O CO  CO 

lA  J-  lA  O O to  VO 

CM  iTvvO  jt 

irv 

O CAVP  PA 

ONirv  kn 

rH 

vo 

'-a  1 

O ir>  ON 

^ O to  lAO  VO  PA 

60  irvvo  t^co 

C7N 

PAlA  O.  P—  lA 

CM  KN 

rH 

O O VO 

O 00  pAvO  PA 

KNVO  ^ O KN  fw  fH 

1 — PA  rH  TV  OV 

O h-Q 

p 

CM 

1 

O O kn 

lA  rH  00  AJ  OJ  lA 

vo  CM  iTN  r—  CO  o irv 

KN 

AJ  AJ  AJ  rH  rH 

vo  o '3 

CM 

CM 

jC 

• • • 

• • * • • ♦ • 

• •••••• 

• 

• • * • • 

• • • 

• 

• 

1 

1 

^ rH  PAIA  to  VO  rH 

VO  KN  ITV  KN  CO  CO 

r^ 

O CO  CO 

CO  ON  ON 

o 

KN 

^ 1 

rH  AJ  -:i-  1 — AJ  a> 

r»-  Cm  cci  jt  rH  CO  vo 

PsTS 

rH  ^ m f\J  VX> 

r^co  ON 

rH 

UN 

rH  rH 

CM  kn  kn3*  ir\  ifN  -o 

CO  CO  CO  ONCJN 

ON  ON  ON 

o 

O 

^ 1 

1 

rH 

rH 

o irvoj  o J Ai 

O O r-  VO  -i- 

OO^A  iTNCUOvOOAJO 

Jt  rH  ^ LO  K\ 

fH  cu  3-  r-  oj  a> 


r—'.o  o o r— 

rH  o i\l  c\j  a>-^ 
c\j  r\  crv  c\j  a^  rH  a> 
CO  CO  iTN  CM  CO 
• • • • • • « 
CO  0>VI>  ON  ^ 

r—  CM  CO  3'  »H  cnr^ 

CM  irMTvUJ 


a>  ro 

CO  o f^irvh- 

^ r^fH  rH  ro 

'vO  C7N  CM  ir\  oO 

vl>  ^ jiT  ITN 
<H  irv  ON 
CO  CO  CO  a>  'T' 


^ O r^ 
CM  CO  CT> 
coco  Jit 

'vOvi> 

CO  ONO 

(T»<y>  o 


lA  liV 

O UNO 

ir^o  iTvO 

JX 

00 

o 

CM  Jt  vO 

VO 

CO 

o 

AJ 

Jt  VO 

CO 

O 

rH 

AJ 

KNJt 

ir>vo 

r-  r-co 

60  CA  OVO 

P 

O 

rH 

rH  >H  rH 

CM 

O 

• 

o o 

• • 

o 

m 

rH 

• 

H 

• 

rH 

• 

rH  rH 

• • 

rH  rH 

• • 

rH  rH  rH 

• • • 

rH  rH  rH  CM 

• • • • 

CM 

* 

CM 

CM 

• 

AJ  AJ  CvJ 

• • • 

CM  CM  CM 

• • • 

CM 

CM 

O O Q O O O O O ir\0  *0^0  :r^o 

O O iTv  o ir>  Q ir>  CM  O r—  ir>  CM  Q 

iTNViJ  CO  'TN  rH  CM  ^ X\'vO  CTv  O 


•H  r-l  rH  rH  CM  CM  CM 


CM  CM  CM  CM  CM  CM  K^ 


S 

p 

o ^ ^ ^ 

r-ur>  CM 
Jt  LTNVD 

CM 

^CO  rH  Jt 

IH  rH  CM  CM 

o 

•H 

CM  CM  CM 

• •"N  KN  i-“4 

Sm  r*N  KN 

'o 

*H  VO  ON  K\VO  ITi  r-i 

CM 

CO  ro  rH 

c\j  r^yjt  VO  cn 
ir\^^  irvr— 

CM 

VOOir>i-l  60ir»t^f\lrH 

rH 

rH 

*H 

irv  r-l  r-  ITM^  KVSJ  U**/  ON 

60  ^ iH 

(TsCJ  ITVOO  rH 

ITV 

6ocviir>cr\r<^r~r-iif\o'. 

CO  f^co 

• • • • « 

• 

• ••*••••• 

• • • 

«0  K\  1^  r-1  VO 

O 

^ ONt^r—  AJVD  r-t  ITvO' 

.■* 

CO 

u 

a>Q  O iH  rH 
OVO  O O O 

CM 

CU  rti  K\  t<^^  J-  ITMTMt^ 

VO 

VO 

o 

oooooooeo 

o 

o o o 

rH  rH  '“i 

rH 

rH 

rH  rH  rH 

o^eo  Ai  r-i 

rH 

i-I^VO  ftj  KNOVO^^ 

CC 

ir\ 

\ 

ir\^  VO  o 

iCi 

vi5  CT,^  CU  60  r—  KMO  r-l 

ir\6000<-iif\i-i6oeo 

CM 

CM  o 

CO  CJ  Jt 
fH  <M  CM  ^ CM 

CTN 

CM  f’ 

<-IOOON<\JN'>lfVVD60 

O 

r^-  Ncn 

• « • « • 

• 

• • • 

o * 0 ^o  ^ CM 

o 

tOvO^iH  CU;d-VD60 

rH 

r— 

CM  rH  rH  rH  rH 

rH 

rH 

rH  rH  rH 

5^ 

t 1 ! 1 1 

1 

1 1 1 

CO  CM  CO  VO  VO 

VO^  I-I  CO  K^o^^ 

a\^  v0  ^ r«-  r-i  o o CO 

.=f 

O J ^ to  rH 

CO 

U 

U*N  rH  rH  ^ r-l 

f^CM  iH  O O 

Of^r^CMr^Kvco  cm^ 

ITv 

OOOr-lr-lCMCMKVK\ 

K\ 

o o o o 5 

ooooooooo 

O 

it 

O O Q Q O 

Q O O 5 Q 

O O O O O 

ooooooooo 

O 

5^“ 

S8S8S8S88 

8 

o 

CM  i-l  g^^•± 

O U'N  ON  W VO 

■n 

rHtrvrHirvirvco  oo-d- 

*. 

ITN  UN  rH 

VOr-SVO<T>r»,-IOVOCr> 

< 

CM  CO  oO 

CO  CO  o iTVr-l 

cr>r~<u;f\r-'£)  N\r— on 

CMVO  KV 

r— ITvjt  Al  >-l 

Qr-lCMCMCMfMCM>HQ 

OOOOOOOOO 

r-l  AJ^ 

w' 

O O O O O 

o o o 

w 

• •*>••••«» 

V • • 

o 

1 t t I 1 I ( 1 1 

O 

ir\^  K\CM  iH 
rH  rH  rH  f-4 

rH 

cr>60  r— VO  i<^fu 

ooooooooo 

ooooooooo 

r-l  (U 

O O O 

O O O 

o o o o o 

o 

A • • • • 

• 

• »>  • 1 

o 

lit 

) 

> v„ 

iH 

^ cr>^  I-H  60  VO  IfMCMTl 

VO 

i 

CO  CM^  j 

1 ^ 

i^cnirv'iH  r~- 

O VD  ro  O VO  fO  O 1 — ^ 

CO  VO  ; 

' \ 

. (Tncm  m 

VO  Cj  O av60  CTVrH 

J-i — OtUirieocuirveo 

CM 

1 — J"  OJ  ! 

‘ o Ai  ^ cr> 

CM 

UN  a> 

1 

1 ^ ' 

1 ^ 

1 cni^r^rH  kf\ 

1 60  cr>a>Q  o 

1 cr>cr>cr>o  o 

O 

o 

J-60»<^t~-rHur>O-:J-  60 
r-4  r-l  CU  ru  3 3 

o o o o o o o o o 

KN 

S' 

rH  VL» 

UN  VO  VO 

o o o 

1 ^ 

1 iH  r-i 



r-A 

r-<  rH  rH  rH  rH  rH  i— » i-H  rH 

rH 

rH  rH  rH 

WIS-ONR-13 
30  September  1954 
57 


VD 

ro 

o 


UN 

VO 

rH 

Jt 

KN 

UN 

UN 

UN 

o 

8 

g 

• 

1 

II 



to  'i 


rH  CM  UN  o VO 

UN 

^ VD  cr>^  o to  60  oNfu 

VO 

CM  O 00 

o ON  00  CO 

— 00  ONONQ  rH 
VOVO  1 — ONCMVO  Cm  CO  UN 

VO  00  CTN 

00  rH  VO  CM  ON 

r — 

CM  CM 

00  rH  rovo  00 

rH 

^ r— O r*M — 1 — rH 

UN 

ONKNr^ 

• • • • • 

VO  rH  UN  ONf^ 

X 

"v  VD  r-(  ITV  CTV^  :0  CU  1 — 

1" 

ONQ  O Q rH 

avo  O O O 

r-i 

CU  CU  rrM— > .-I-  Dvirv 

VO 

vi>  r—  r— 

o 

OOOOOOOOO 

o 

O O O 

<0 

rH  rH  rH  rH 

rH 

rHrHrHrHrHrHrHrHrH 

rH 

rH  rH  rH 

CM^  VO  00 

CMjitvOCO  CM,4-VOCO 

cu^  VO 

f*— . 

CO 

coco  CO  CO  aNONaNaNON 

o 

o o o 

r -5  rH  r rH  rH 

rH  rH  rH  rH  rH  rH  r-t  rH  rH 

CM 

CM  CM  CM 

CM  CM  CM  CM  CM 

• • • • • 

CVJ 

CMCMCMCMCM^MCMCMCM 

CM 

CM  CM  CM 

UN 

UN 

o 

x 

8 

h 

UTy 

CM 

CM 

CM 

r*N 

r-N 

r-N 

i_ 

L 

~ - 

— \ 


BABJJ  6 


r 


o 

o o>a> 

IfN  IfN  o O IfN  UN  IfN 
•St  ONrH  UN  NO  r—UN 

irx  o ITS  Q o o irx 

rH  eo  VO  KMj^  ir\ 

ITN 

-=t 

poo  UNUN 
CXJ  iTN  rH  ^ 

O IfMCN 
CO  O ^ 

o 

O ON  00 

Q a\o> 
p «7\0> 

ON  UN  CU.:3-  O 60  60 
60  .---  UN  pH  NO  60  ON 
ON  ON  C7N  CTN  60  r— NO 

pH  pH  CJNja-  60  pH  UN 
CTNKnNO  O KNf — p 

UNUN,:a-3  kncu  iu 

ir\ 

rH 

NO  KNCU  CU.it 

O 60NOit  CU 
PH  w O C O 

O |H.  KN 
CU  pH  pH 

OOO 

rH 

c 

5 

IH 

rH 

• • • 

M 

O'— 

CO  o>vi> 

ON  fW  rH  c\i  mvo  ^ 
rH  c\i  'o 

CU  CU  O UN  CU  NO  CU 
UN  O UN  ON,d-  ONNO 

CO 

CXJ 

ON  KNNO  KNI — 
pHNO  cu  O 60 

60  r— CXi 
rH^  0> 

I 

•-N 

w 

O ..=f  IfN 
IfN  r- 60 
CJNeo  r- 

.:3'  pH  r—  iH  .=f  NO  Cpp 

60  r<N  f-.  cu  NO  Q ,f 
NO  NO  UN  UN,:!-  3-  r"X 

ON  Q O P pH  pH  CU 
60n5  KNO  rH 

CU  CU  OJ  CU  pH  pH  pH 

ON 

*j0 

O 

NC  ii  KN  CU  p 
•■O  UNit  KNCU 

O O O O O 

60  UNCU 
pH  pH  pH 
OOO 

r^ 

o 

- ? 

1 

»-n 

• • • 

J 

II 

3 

O CTi^ 

O r^  pH  pH  KN  O 

O ,d-  NO  ,d-  cu  ON  K- 

1 

JO' 

8 

1 

0>W  rH 

o 

00  O VO 

• 

#— ! rH 

* fr  1. 

NO  KNCTN  60  ONON 

,:3-  fU  O •"*  H KN 

KNCU  pH  pH  cu  KN 

• • • • • • 

S 1 

trx  CXi  ON  Q rH  CXi  vx> 

f—  iTN  KN^  VX>  rH  r-i 
^ ir\Vl>  h'-ftO  o CXi 

fH  rH 

Vl 

J± 

Jt 

0 

•H 

O UN  KNNO  rH 

60  O it  O UN 

* ;•  • • 

PH  cu  cu  KNit 

i J rH  rH 
• • ^ 

UNVO  CO 

p 

} 

1 

• 

■ 

— 

o ( <r\ 
O cvr— 

nA  C\i  O if>  rH 

QO  rH^  0>rH  f^r>- 

KNNO  on  cu  no  O pH 
cu  KN60  ONNO  KNr-i 

CTN 

CO 

it  r ■'  iTxuN 
CJ  i-  - 0\ 

NO  pH  ON 
NOit  iH 

2 

„ 

p CfVO\ 
<V  r^xLTN 

o o 

O <M  CXi  f^ON 
r— CO  <r»o>ONCO  r^ 

C'  o c*  o S o o 

60  pH  KNifNK-ONpH 
NO  NO  UN,-!-  KN  CU  CU 

O O O C' 

pH 

O 

O'',  ppr  . O 

88888 

OOO 

O p o 

OOO 

) 

O' 

ii 


II 


o 


X 

il 

H 


Kf 


C ^1-1 


ao  CM  cu 


ao  o CXJ  80  f'—  ON  f'—  H r-8  O O STN  v'  i KN  \C\ 


^ ' 9^  S''^  tVI^<-(ONO  8^lfN8*^60C\JirNC?N  60  C NND  ^ KNlf-, 

>•  '"2^  Mr— irNrH'43500  ONf*^  f—  0^8—0  IfN  OaOND^CV 

Cj  NCJN  c^cnc^ONeo  r-r-  itnitn J- ^ kn c\j  cu  !h  o O O j 


1-1  r—KN 
C\>  pH 
^N  o O 


ITN 


_ ITN  ITN  ITN 

^li^OlTN  ■'NO  ITNCXJOl — IfNCXJO  6-  — 

ON  80  I vS  U liN^  ^-r^Nrr;,  OJCVJCyHiHiHr-*  O oS>000 


s 


LfN 

■ITN  PJ 


O O O 


pH 

o 


00  60  pH  lo  8*^  ?N 

o ^N-^J  3-  CXI  d> 

60  O NO 


NONOr^N  aOOpHfeOrH^  NOKN  8r*>^  (y,VO  ^ 


60 


00  C7N60  (*'»  O NO  ITN  rr*  pH  60 

- OHi*'x  r^ifNrNrr*irN00N  ^ 

r'x  rvj  <-»  . ■♦  f\i  -r  IfN  NO  r—  60  o H jt 


IfN  ON.::1-  pH  O 
^-ONKNONC\J  60ND 


O^cJ 


rH 

I > I 


I I I 


pHpHt\S(\i,4’  ^ ITM — 


ON  pH 
ON  60 


8 

p I3NON 

Pm  i^i^n 

o o o 


NO  J-  Ji-  J-  o .d-  NO 
ON  CXI  J-  ON  <XI  cr  •% 

r-  IfN  o oj  r,i  r-  o 

1^-60  ON  ^ ON  60  60 

0 0 0 0 0 0 0 


N»  pH  r'X  IfN.^  60  ^ 
r^ONO  r— IfN  pH  on 

-pu  £Xj  NO  60  O pH 
ovo  irx^  r'xr^cu 


•^1  ON  O rr-X  ON 
60  pH  60  I — O 


ON 


cu 


IfNNO  O 
- • £X! 


o o 


p ITX^  r'xr^cu  pH  POQOO  OOO 

:ooooo  o ^ooSS  Soo 


O i 


Txi 

O 


- NO  60 

I o o 


- . ^ ^ ~ O IfN  O IfN  O IfN  p 

O r-)  CXi  rTvO-  LfN  NO  I — I — lOfOONONO  O 

pHHpHpHpHpHpH  fHpHpHpHrHrHCX/  fO 


60  O CU.d-  NO 
O r-f  pH  r-j  pH 
CXi  CXi  CXi  CXi  fU 


UN  IfN 

NO  I — I — 
pH  rH  tH 
CXi  CXi  CU 


CO 

r-*  ■ 

cx.  ■ 


WLS-ONR-13 
30  September  1^5  54 


1 

O ov 

ir>eo  60^ 

CT\ 

lO 

fH 

CM  to  cr\ 

r-  to  to 

Q cr^ON 

o a><T\ 

O 0>(T\ 

Kx:t  e-r-ap  f^O 
^eovo  r-l  CM 

ers  ON  cr.  ao  to  h- 

fTvO  CTMC^f^CMvD 

(j>PSir>60  r-t  r- 

iTv  irija"  t<^  CM  H 

r-l 

e-to 
ao  VO 
o o 

rH  lO  r-l 
-MO  CM 

6 o o 

to  lO  CM 

«— 1 r^  r^ 

OOO 

o 

K 

fH 

CM  O W 

e-  e* 

to  CM  r*‘> 

,=r  TM  irv  CM  ir. 

L/' 

1 

<n-? 

jwO  VO 

vD  ir>,^ 
K^r^  O 
f<AfM  r4 

CM  P~Q 

O p CM 
r4  CM  K\ 

I-I  to  h-  to  H lOgd*  • 

iTtCM  H CMVD^  I-I 
^ lOvO  h“t0  O 

VO 

3 

CM  ert  »-l  r-l 

CM  VO  fOe-  CM 

ov  irvji- 

8 

1 

1 1 1 

* * * o 

1 1 1 

r-l  »— 1 

r-l 

CM  CM 

to 

a>  CM  to 

iH  r-l 

8 

Oo  r— ^ O 


60  1-1  1-1  ITMT*  K\ 


O <T\(T\ 
£Vl  f<Mr> 

O o o 


60v»)  ON  fi  1-1  c\j  c\i  KMr>  cr\  ir> 

ta  O', o\ m o>So  Co vo  r'MM  r-i  o O 

ooooooo  OOOCOOO  o o 


1^60,^  ir>60 

,:d-  vx>  cy  r-i 

ir>  K\(M  r-l  o 

o o o o o 
o o o o o 


ifMrN'O 
Ri  r-l  O 


8 0^  O^V^>  CVIVOHONt'-  O\tl0'-0Q  ^ Q t;^r-IOrH,:d- 

0^  60^ir>i-t'O60ON  60C\!'J>0  O io  O60V(J,^C\l  Wi-»^ 

G Sn  0%5>0>S>W  r-vD  l^Ri  fU  H r-4O0Bo  OOO 


60  00  i-l 
a ic\^ 

60  o VO 


irt  R<  60 

3-  CM  o 

r^CM  I-I 


CJ>60 
O •-« 
i-l  CM  K\ 


vD  r'-(7>ir>.:i- 

lO  K%  i-l  .-t  60  ir>  60 
r — ir>  .It  VO  CM 

^ ir>^  r—  60  o CM 


VO  K\60 

50  i-i  ir>  CM  60 


I-I  CM  CM  r<>J- 


vn  r— 

• • • 

ir\^  50 


8aya'\ 

0>r*- 

o o>a> 
?5  K>ir> 


O 

CTkCNJ  ir>fH  K\w  m 


r-ir>  o . 

g>C>0>«0  r- 
ooooooo 


I— r^r-l  OVO  r^r-l 

r— o CO  o 

^oCd  K\C>J  w 

ooooooo 


eo  V'O  K\ 
VO  CM  o CM  50 

WVD  CM  Q 

o o o o o 
o o o o o 


OOO 

S88 


VO  CO 
OOO 


o ^ 

f— < iH  rH 


o if>o  m o ifNo 

f'—  r*\  ro  rr>  o 
r-l  . -I  «H  I-I  -I  -1  eg 


ep  p CM-;^  VO 

P I— i f-i  I— I 

^ CM  CM  CM  CM 


vO 

/H  rH  r-{ 

eg  cj  eg 


TABLS  8 


^ A 


WLS-ONR-13 
30  September  1954 
60 


Parabolic 
appr  oxiaat i on 


.000  46o 
.000  351 
.000  253 
.000  i6o 
.000  076 


.000  066 
.000  124 
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.000  229 
.000  238  M 
.000  230 
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NOTICE:  WHEN  GOVERNMENT  OR  OTHER  DRAWZNQ8,  SPECIFIC  ATI  OH>!  OR  OYPliK  DATA 
SRETJSED  for  any  PURPOeE  OTHER  THAN  IN  CONNECTION  WITH  K I/  gFD^TDLY  PJS?..Ai  EO 
GOVERNMENT  PROCUP*EMENT  OPERATION,  THE  U.  S.  GOVERNMENT  raERi:B7  n^C^fES 
NO  RESPONSmiUTY,  NOR  ANY  OBUGATION  W^TSOEVER;  .iND  THE  FACT  TR^\T  THE 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  VrAY  SUPiTIED  THE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  IS  NOT  TO  BE  HEGAfat  E D JiY 
IMPLICATION  OR  OTHERWISE  AS  IN  ANY  MANNER  UCENSING  THE  :iOIDEFv  Oil  AliY  WHER 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHT'S  OR  PERMISSiON  TO  MA^UFACmmE. 
USE  OR  SELL  AMY  PATENTED  INVENTION  THATTHAY  IN  ANY  WAY  BE  ILtELA’i’Sl^  THERETO. 
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